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SKELETALLY DUGUNDJI SPACES 

A. KUCHARSKI, SZ. PLEWIK, AND V. VALOV 



Abstract. We introduce and investigate the class of skeletally 
Dugundji spaces as a skeletal analogue of Dugundji space. The 
main result states that the following conditions are equivalent for 
a given space X: (i) X is skeletally Dugundji; (ii) Every com- 
pactification of X is co-absolute to a Dugundji space; (hi) Every 
C*-embedding of the absolute p(X) in another space is strongly n- 
regular; (iv) X has a multiplicative lattice in the sense of Shchepin 
■ [2] consisting of skeletal maps. 

o 
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1. Introduction 

In this paper we introduce a class of skeletally Dugundji spaces as a 
^ | skeletal analogue of Dugundji spaces [12]. The paper can be considered 

(rv as a continuation of [8], [9], [10] and [!§] . where it was shown that I- 

favorable spaces [1] coincide with the class of skeletally generated spaces 
[T9] . The last class is a skeletal counterpart of K-metrizable compacta 

§■ na. 

Recall that a map / : X — >■ F is called skeletal [TTJ (resp., serm- 
open) if the set Inty cly /(J7) (resp., Inty f(U)) is non-empty, for any 
£7 G 73c • Obviously, every semi-open map is skeletal, and both notions 
are equivalent for closed maps. Our definition of skeletally Dugundji 
spaces is similar to the spectral characterization of Dugundji spaces 
obtained by Haydon [6] . We say that a space X is skeletally Dugundji if 
there exists an inverse system S = {X a ,p^, a < (3 < t] with surjective 
skeletal bonding maps, where r is identified with the first ordinal oj(t) 
of cardinality r, satisfying the following conditions: (i) X is a separable 
metric space and all maps have metrizable kernels (i.e., there exists 
a separable metric space M a such that X a+ i is embedded in X a x 
M a and coincides with the restriction ir\X a+ i of the projection 
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7r: X a x M a — > X a ); (ii) for any limit ordinal 7 < r the space X 1 is a 
(dense) subset of \\m{X a ,p^ a: a < /3 < 7}; (iii) X is embedded in MmS 

such that p a (X) = X a for each a, where p a : limS* — > X a is the a-th 

•s— 

limit projection; (iv) for every bounded continuous real- valued function 
/ on lim S there exists a G A such that p a -< / (the last relation means 

that there exists a continuous function g on X Q with / = g o p a ). If 
the inverse system S and X satisfy conditions (ii) and (iii) X is said 
to be the almost limit of S, notation X = a — lim S*. We also say that 

an inverse system S is factorizing if it satisfies condition (iv). 

In the paper we provide different characterizations of skeletally 
Dugundji spaces. One of our starting points was the result of Shapiro 
[T3] that a compactum X is co-absolute to a Dugundji space (i.e., the 
absolute of X is the absolute of a Dugundji space) if and only if X is the 
limit space of a continuous inverse system S = {X ai p^ a < (5 < r} sat- 
isfying all conditions from the definition of skeletally Dugundji spaces, 
excepts that the maps p^ +1 don't necessarily have metrizable kernels 
but have countable 7r- weight (see Section 3 for this notion). Let us note 
that necessity of the above result was announced in [131 Theorem 3] 
without a proof. We establish in Section 2 that any space co-absolute 
to a space with a multiplicative in the sense of Shchepin [17] lattice of 
open maps has a multiplicative lattice of skeletal maps. This extends 
the necessity of Shapiro's result, mentioned above. Some properties 
of skeletally Dugundji spaces are provided in Section 3. The following 
result is the main theorem in this section. 

Theorem 13.31 For any space X the following are equivalent: 

(i) X is skeletally Dugundji; 

(ii) Every compactification of X is co-absolute to a Dugundji space; 

(iii) Every C* -embedding of the absolute p(X) in another space is 
strongly n-regular; 

(iv) X has a multiplicative lattice of skeletal maps. 

Here, we say that a subspace X of a space Y is strongly 7r-regularly 
embedded in Y if there exists a function e: 7x — > 7y between the 
topologies of X and Y such that: 

• (el) e(0) = and e(U) H X is a dense subset of U; 

• (e2) e(U n V) = e(U) n e(V) for any U, V e T x . 
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Such a function was considered in [2] under the name 7r-regular oper- 
ator. It follows from Corollary 3.2 that if every embedding of a com- 
pactum X in another space is strongly 7r-regular, then X is skeletally 
Dugundji. A positive answer to the following question would provide 
an external characterization of skeletally Dugundji spaces similar to 
the characterization of Dugundji spaces given by Shirokov in [T6] . 

Question 1.1. Is any embedding of a skeletally Dugundji compactum 
in a Tychonoff cube strongly ir-regular? 

Another question arises from Corollary 3.6 that if X is a skeletally 
Dugundji space, then the absolute p(/3X) of j3X is a retract of any 
extremally disconnected space in which p(/3X) is embedded. 

Question 1.2. Let X be a compact space such that its absolute p(X) 
is a retract of any extremally disconnected space containing p(X) . Is X 
skeletally Dugundji? 

When X is O-dimensional, this questions is equivalent to the open 
problem after Observation 5.3.10 from [TJ. According to [15] . Question 
1.2 has a positive answer if the weight of X is < uj%. 

All spaces in this paper are Tychonoff and the single-valued maps 
are continuous. 

2. Spaces co-absolute with A.E(0)-spaces 

Haydon (6] established that the class of compact absolute extensors 
for zero- dimensional spaces (br., y4£'(0)-spaces) coincides with the class 
of Dugundji spaces and any compactum X belongs to that class iff X 
can be represented as the limit space of a continuous inverse system 
S = {X a ,p^, a < (5 < w(X)} with open bonding maps such that each 
map p® +1 has a metrizable kernel, see [6J. Dugundji spaces can be 
also characterized as the compact spaces X possessing a multiplicative 
lattice in the sense of Shchepin [T7J consisting of open maps. This 
means that there exists a family \l/ of open maps with domain X such 
that: 

(LI) For any map /: X — > f{X) there exists G ^ with <fi -< f and 

w{<f>(X)) < w(f(X)); 
(L2) \I> is multiplicative, i.e., if {4> a : a E A} C ^, then the diagonal 

product A{<p a : a G A} belongs to 

Let us note that a general definition of AE(0) in the class of all Ty- 
chonoff spaces was introduced by Chigogidze [3]. By [201 Theorem 1], 
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for every C-embedding of an Ai?(0)-space X in M. A there exists an up- 
per semi-continuous compact-valued map r: M. A — > X with r(x) = {x} 
for all x G X. Then, following the terminology of [20, Lemmas 3- 
6], all restrictions 7Tb\X, where B C A is r-admissible, are open and 
form a multiplicative lattice. Therefore, every Ai?(0)-space possesses 
a multiplicative lattice of open maps. 

Proposition 2.1. Lei X be a C -embedded in R r /or some V and X has 
a multiplicative lattice Then the family = {B C T : ^ 6 f }, 
where <pB — kb\X: X — > 7Tb(X) is the restriction of the projection 
ttb '■ R r - > ^ B , has the following properties: 

(i) A is additive, i.e., the union of any elements from A is also 
from A; 

(ii) Every C cT is contained in some B G A with \B\ < \C\ • No- 

Proof. Let f be a multiplicative lattice on X consisting of quotient 
maps. Suppose B = [jB a with B a G A for all a. Then <p B = ^4>B a 
because A0 Ba G ^ is quotient. So, B G A. Assume C C T is infinite of 
cardinality \C\ = r. We construct by induction an increasing sequence 
{B(k)} C T and a sequence {0 fc } C ^ such that B(l) = C, \B(k)\ = 
t, w(4>k(X)) < r and (pB(k+i) -< <fik -< 4>B(k) for all k. Suppose the 
construction is done up to level k for some k > 1. We consider each 
4>k(X) as a subspace of IR r . Since X is C-embedded in IR r , there 
exists a map gj.: IR r — ?• M T extending 0^. Then depends on r many 
coordinates of M r , so we can find a set + 1) C T of cardinality r 
containing B{k) such that n B (k+i) -< gk- Consequently, (f>B(k+i) ~< <fik- 
Next, by condition (LI), there exists 4>k+i G \& with -< <p B (k+i) 
and if(0fc+i(X)) < r. This completes the construction. Finally, let 
B = \JT=i B ( k ) and = A ^i0fe- Obviously, |£?| = r and B = <p G ^. 
Hence, C C 5 6 A □ 

Shapiro [13l Theorem 3] stated without a proof that if a compactum 
X is co-absolute to a Dugundji space, then X is the limit space of a 
continuous inverse system S = {X a ,p^, a < (5 < w(X)} such that X is 
a point, the bonding maps are skeletal and each p® +1 has a countable 7r- 
weight (see Section 3 for this notion). Next theorem is a generalization 
of Shapiro's result (recall that any Dugundji space is an AE(0), and 
hence has a multiplicative lattice of open maps). 

Theorem 2.2. Let X be a space with a multiplicative lattice of open 
maps. Then every space co-absolute with X has a multiplicative lattice 
of semi-open maps. 
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Proof. Suppose Y is co-absolute with X and Z is their common ab- 
solute. So, there exist irreducible perfect maps 9 X : Z — > X and 
By : Z — > Y . Consider the set- valued maps r x '■ X — > Y and r Y : V — > 
X defined by r x (x) = 6 Y {6 x x {x)), x G X, r Y (y) = 9 x {9 Y \y)), 
y G Y. Since #x is irreducible, for every open V C Y the set 
= {x G X : rx(x) C V} is non-empty and open in X, and 
r x (V) = e x (e Y \V)), where 0jjr(W) = {x e X : 9 x \x) CW},W C Z. 
Hence, r x is upper semi-continuous and compact valued. Similarly, r Y 
is also upper semi-continuous and compact valued. 

Next claim follows from the facts that both 9 X and 9 Y are closed 
irreducible maps, and Z is extremally disconnected. 

Claim 1. For every open V CY the set 9 x {9 Y l {V)) is regularly open 

andA^V)=r x \V) = 9 x (9 Y \V)). 

Consider the disjoint union XQ)Y of X and Y as a C-embedded 
subspace in M r for some T. For every B C T let 0^ — ^b\X, 
p B = 7Tg \Y j X B = <j> B (X) and Y B = p B (Y). IfBcCcT, there 
exists natural maps (j) B : Xc —> X B and p B : Yq —> Y B . Let $ be a 
multiplicative lattice for X consisting of open maps. Since X is also 
C-embedded in M r , the family i = {B C T : ^ e $ } satisfies 
conditions (i) — (ii) from Proposition 12.11 

Claim 2. Let C G Abe a set of cardinality t and {V a } an open family 
in Yq of the same cardinality. Then there exists B G A containing C 
and a family {G a } of open subsets of <fi B (X) such that \B\ = r and 
r x(Ps 1 (^ / a)) ^ s a dense subset o/^ 1 ((j a ) for each a. 

Because every disjoint open family in X is at most countable [21J, 
any family of open subsets of X contains a dense countable subfamily. 
For every a choose a cover j a of ^(p^iVa)) consisting of open subsets 
of X of the form U D X, where U is a standard open set in MF . Then 
there exists a dense countable subfamily u a of j a . Since each element 
of u a depends on finitely many coordinates, by Proposition l2.lt we can 
find a set B G A containing C of cardinality \B\ — r such that <f) B (W) 
is open in 4> B (X) and (<f> B (W)) = W for every W G u a and every a. 
Then each O a = 4>b(Wo) is open in 4> B (X) and 4 > B ^{O a ) = W a , where 
W a = U{W : W G u a }. Because <p B is open, we have = 

W~« = r x (p B \V a )) and MA(Pb\V«) )) <= lnt(0^ = G a . Hence, 
r^(p^ 1 (V r a )) C 0^ 1 (G , a ) C ^(p^iVa)) for every a. This completes 
the proof of Claim 2. 
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For any B C T let VLb and be bases for Xb and Yb, respectively, 
having cardinality < \B\ such that Qb consists of open sets of the form 
U fl Xb and A# consists of all finite unions of sets of the form V C\Y B , 
where U and are standard open sets in M B . Denote by £ the family 
of all B C T satisfying the following conditions: 

(1) Be A; 

(2) For every V G Ag there exists an open set GV C 4>b{X) such 
that Jx(p£ 1 (V)) i s a dense subset of i? 1 (G'y); 

(3) For any U G Qb there exists an open set Vy C Yb with 

Pb\Vu) C ^(^(CO). 
Claim 3. T, is additive. 

First, let us show that £ is finitely additive. It suffices to prove that 
if B(1),B(2) belong to S, then so is B = B(l) U B{2). Because A is 
additive, we need to check that B satisfies conditions (2) and (3). 

Suppose V C Yb is open and V = ViUV 2 U ...UV m , where each Vi is of 
the form Wi fl Y B with Wi being a standard open subset of M B . So, for 
every i we have Wi = Y[{Wi(a) '■ a G -B} such that all Wi(a), a G B, 
are open intervals and the set k(Vj) = {a : Wi(a) ^ R} is finite. Then 
the family {Vi, V m } is the union of the following families: 7? = {V^ : 
k{Vi) C B(j)}, j = 1,2, and 7l , 2 = : k(Vi)\B(j) ^ 0,j = 1,2}. 
Let O* = U{pfo-)(^) : ^ e 7,} and = (J{^ : ^ e 7,}, J = 1,2. 
Then, according to (2), ^(^(^(O*)) is a dense subset of for 
some open G* C X B (j), j = 1,2. Since p^.-^O*) = p^iOj), for every 
j = 1 , 2 we have 

(4) ^(^(O,)) is dense in ^(Gj) with G 3 = (^^(G*). 

If V, G 71,2, then ^ = V^l) fl V$(2) with ^(j) G 7j , j = 
1,2. Hence, for each j there exists an open set Gy^j) C 
such that ^^(Gy^j)) contains as a dense subset, 

where ^{j)* = p| 0) (^(j))- Because = P B | 1} (^(1)*) n 

Pg} 2 JVi(2)*), the set ^(Pb 1 ^)) (being the intersection of the open 
sets r^ip^iViil)*)) and r^(p~[ 2) (VJ(2)*))) is dense in ^(GyJ, where 

G Vi = (^(i))"^^^)) n (0| ( 2)) _1 (G'y 1 (2)). Therefore, we have finitely 
many open sets G\y C Xb such that 



(5) 



A(Pb\W)) is dense in (f> B \G w ), W G 71,2- 
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Obviously, V = [j{W : W G 7i, 2 }UOiU0 2 , and let G(V) = [j{G w : 
W G 7i j2 } U d U G 2 . It follows from (4) and (5) that the set 

L = \J{A{P B \W)) : W G 71,2} U ri^Oi)) U ^(^(O.)) 

is dense in <t>~B~{G(V)). On the other hand, by Claim 1, 

L = {j{rx\p- B \W)) : W G 71,2} U ^(^(d)) U r x \p B \0 2 )). 

Therefore, I = r^W^F)) = ^W 7 )!- Let G y = Int(GQT)). 
Because is an open map, (j^iGy) = Int(r^- 1 (p^ 1 (l / ))). Finally, 
since ^{jf^iV)) is open in X and it is dense in r x 1 (p^ 1 (V)) (see 
Claim 1), r^^p^iy)) is a dense subset of Thus, £> satisfies 

condition (2). 

To show that B satisfies condition (3), let U G Qb- Then U = 
0^ (1) ([/(l))n0| (2) (C/(2)) with U(i) efl B(l ),! = l,2. So, there are open 

sets Vfyj) C Y B (i) such that P^V^)) C r^^J.^C/^))), i = 1,2. Let 

^ = (P|(i))" 1 (^/(i))n(p| (2) )- 1 (v^ (2) ). Then,p^(^) =PiJ 1) (v^ (1) )n 

Pb(2)(^(2)) and 0b(^) = 0Bfi)( f/ ( 1 )) n ^(^l 2 ))- Consequently, 
p B \Vu) C ^(^(C/)). Hence, BeS. 

Suppose now that -B = |J B a is the union of infinitely many B a G S, 
and let V G A#. Then there exists a set C C B which is a union 
of finitely many ctj, i = l,..,fc, such that (Pc) _1 (Pc(^0) = ^ and 
V* = Pc(V) £ Ac?. Since C G S, there exists an open set Gy in 
X c with r x {p^} '(V*)) being a dense subset of 0^ 1 (G f y). Obviously, 
Po (V) = Pb X (^) and ^(GTr) = ^(GV), where GV = {$)-\G* v ). 
Consequently, T* x {p B ^ {V)) is a dense subset of (j)~j^(G v )- Hence, B 
satisfies (2). Similarly, one can show that B satisfies also condition 
(3). Therefore, B G E. This complete the proof of Claim 3. 

Claim 4. Every infinite C G A of cardinality r is contained in a set 
B G E with \B\ = r. 

We construct by induction sets B{k) G A, open subsets {Gv '■ V G 
As( 2 fc)} of 4> B {2k+i){X) and open subsets {V v : U G ^B( 2 fc+i)} of y B (2fc+2) 
such that for every > we have: 

(i) 5(0) = C, \B(k)\ = t and B(k) C B(k + 1); 

(ii) ^x(Ps( 2 fe)(^)) is a dense subset of <j> B \k+i)(Gv) f° r ever y ^ e 
As( 2 fc); 

Pi(2fc+2)( V ^) C r y(^B( 2 fc+l)(^)) fOT eVer y U E fi B( 2 fc+l)- 
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Suppose the construction is done up to level 2k. Since the family 
{PB(2k)(y) '■ V e ^B(2k)} is of cardinality < r, by Claim 2, there exists 
a set B(2k + 1) G A of cardinality r containing B(2k) and open sets 
{GV : V G A j B(2fe)} in <Ab(ih-i)P0 satisfying item (ii). Because each 
r y(^B(2fc+i)(^))' ^ e ^B(2fc+i) 5 is open in Y, we can find a set S(2A; + 
2) G ^4 containing B(2k + 1) such that \B(k + 2)| = r and PB(2fc+2)(^) 
contains an open family {Vjj : C/ G fi#(2fc+i)} satisfying item (m). 
This complete the inductive step. Obviously, B = \J£ =1 B(k) G A and 
\B\ = t. Repeating the arguments from the proof of Claim 3, one 
can show that B satisfies conditions (2) and (3). So, B G £, which 
completes the proof of Claim 4. 

Claim 5. For any B G £ i/ie map p# : 1^ — > Xb semi-open. 

First, let us show that if fi G S and 4>b(xi) = 4>b{. x 2) for 
some xi,X2 G X, then Pfi(rx(^i)) = Ps(^x(^2))- Indeed, suppose 
PB( r x(x 2 )) C V, where V C Y B is open. Since p_B(rx(^2)) is com- 
pact and A# is finitely additive, we can assume that V G A#. Then 
X2 G ^(Pb 1 ^))- By condition (2), ^ x {p~j^{V)) is a dense subset of 
(f)~^{Gv) for some open set Gy in so x\ G (^{x^) C <^{Gy). 
On the other hand, according to Claim 1, we have O^^Oy 1 {p^ {V))) = 
Int(r! f (p5 1 (y))). He nce, O^Oy 1 (p ~ B l (V ))) cont ains the set 0^ (G v ). 
Thus, r x (xi) _C M#?WW)) = Pb\V). Finally, we obtain 
PB(r x (xi)) C V, which implies PB(rx(xi)) C PB(rx(z 2 ))- Similarly, 
Ps(rx(^2)) C Pi?(rx(xi)). 

To show that is semi-open, let C Y be open. Then B (r^(VF)) 
is open in 0b(X). According to (3), there exists U G Qb and open 
Vt/ C Y B with *7 C MA(W)) and Pb 1 !^/) C ^(^(t/)). The 
last inclusion implies Vy C Pb{Ty{4 > 'b'^P)))- It is easily seen that 
Tyi^B 1 ^)) c r x(0s 1 (^))- So, we have the inclusions 

V V C PB{rUr B \U))) C p B (rx(^ 1 (^))). 

Therefore, it suffices to show that Pb{tx{<I>b'(U))) is contained in 
p B {W). To this end, let x G (f) B l {U). Then there exists y G rjjr(W) 
with <p B {x) = 4>B{y)- Hence, ps(r x (V)) = PB{r x {y)) C Pb(VT). Thus, 
C which completes the proof of Claim 5. 

We can show now that Y has a multiplicative lattice of semi-open 
maps. Indeed, let \I/y = {pg : B G E}. According to the last claim, 
\I/y consists of semi-open maps. If {pb(u)} C Vfy, then it is easily 
seen that Aps( a ) = Pb, where B is the union of all B(a). Hence, 
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^PB(a) £ *&y- Finally, let g: Y — > g(Y) be an arbitrary map with 
w(g(Y)) = t. Considering g(Y) as a subspace of IR r , we can extend g 
to a map h: JR r ->■ W (recall that Y is C-embedded in R r ). Then there 
exists a set B G £ of cardinality r such that ttb ~< h. Consequently, 
Vb<9 and w(p B (Y)) <r. □ 

Corollary 2.3. Every space Y co-absolute with a space possessing a 
multiplicative lattice of open maps is skeletally Dugundji. In particular, 
ifY is co-absolute to an AE(0) -space, then Y has a multiplicative lattice 
of semi-open maps and Y is skeletally Dugundji. 

Proof. We are going to show that Y = a— lim S, where S = {Y a ,p^, a < 

j3 < r} is a factorizing inverse system with skeletal maps such that Y 
is a separable metric space and p® +1 has a metrizable kernel for each 
a. Let M r and £ be as in the proof of Theorem 2.2. There is nothing 
to prove if Y is second countable. So, let w(Y) > K and assume that 
T is the set of all ordinals a < u(t). For every a G T there exists a 
countable set A(a) G S containing a. Define -B(O) = A(0), B(a) = 
\J{A(/3) : /3 < a} if a is a limit ordinal, and B(a) = \J{A(/3) : /3 < a} if 
a is isolated. Then the inverse system S = {Y B ^,p^ ^ I, a < /3 < uj(t)} 

consists of skeletal maps and Pg^ 1 ^ has a metrizable kernel for all a. 

Moreover, Y as a dense subset of lim S with Y = a — lim S. 

<— «- 

The second part of the corollary follows from the fact that each 
y4i?(0)-space has a multiplicative lattice of open maps. □ 

Corollary 2.4. Let Y be a Lindeldf ' p- space co-absolute with a space 
possessing a multiplicative lattice of open maps. Then Y has a multi- 
plicative lattice of perfect skeletal maps. 

Proof. Suppose Y is co-absolute with a space X possessing a multi- 
plicative lattice of open maps. Recall that a Lindeldf p-space [1] is a 
space admitting a perfect map onto a separable metric space, and that 
this property is invariant under images and preimages of perfect maps. 
So, X is also a a Lindeldf p-space. Then X and Y can be embedded 
as closed subsets of a product of the form Mxl r for some T, where 
M is a second countable space. Considering in Proposition 2.1 such a 
product instead of M r , we obtain a family A = {B C T : <ft B E ^ }, 
where (pB = t^b\X: X — > ixb(X) is the restriction of the projection 
■k b ■ M x I r — > M x 1 B . Hence, all 4>b, B G A are perfect and 
open maps. Similarly, replacing IR r in Theorem 2.2 with M x I r , 
we obtain the family S C A and that the perfect skeletal maps 
Pb = kb\Y : Y — > tt b (Y), BeE, form a multiplicative lattice. □ 
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3. Skeletally Dugundji spaces 

Next proposition provides examples of skeletally Dugundji spaces. 

Proposition 3.1. A space X is skeletally Dugundji if it satisfies one 
of the following conditions: 

(i) X has a multiplicative lattice of skeletal maps; 

(ii) X is strongly it -regularly C* -embedded subset of a space with a 
multiplicative lattice of open maps. 

Proof. Suppose X has a multiplicative lattice \I/ of skeletal maps. For 
every continuous function / G C(X) fix a map (f)f G \I/ such that (f>f -< / 
and 4>f(X) is second countable. We assume that C(X) = {f a : a < 
w(r)} for some cardinal r. Let tpo = <t>f , Va is the diagonal product 
A/3< Q 0/ |3 if a is a limit ordinal, and tp a = Ap< a <fif„ if a is isolated. 
Define X a = <p a {X) and ^ : X a — > Xp, (3 < a, to be the natural 
projection. Since all (p a G the inverse system 5 = {X a ,<^ : < 
a < uj(t)} consists of skeletal maps and X is the almost limit of S. 
It follows from the definition of the maps ip a that for every / G C(X) 
there exists a with tp a -< /. So, S is factorizing. This provides the 
proof of item (i). 

Let M be a space with a multiplicative lattice $ of open maps and 
X be strongly 7r-regularly C*-embedded in M. Let e: Tx — > Tm be a 
strongly 7r-regular operator and = 4>{M) for any G $. We say 
that a map </> G $ is e- admissible if 

(6) ^(^(etf^jnl))) = e(^([/)nl) for all 17 G fy, 

where B^ is an open base for M$ of cardinality w(M^). We are going to 
show that the family $x — {4>\X '■ 4> is e-admissible } is a multiplica- 
tive lattice on X consisting of skeletally open maps. Our arguments 
follow the proof of Proposition 3.7 from [19]). Let X^ = (f(X), <p G 

Claim 6. Any ip G $x skeletal. 

Let [/clbe open in X and <£> = 0|X for some e-admissible <p G $. 
Because is open, it suffices to show that 0(e(C/)) PI C y?(t/) 
Suppose there exists a point z G ^(e([/))nX^\^(f7) and take V E B^ 
containing z such that V fl y(J7) = (here is the closure in 

Mfj,). Since is e-admissible, _1 (0(e([/i))) = e([/i), where U\ = 
^(V) n X. Obviously, C/i 17 = and y>(C7i) = V H X v . Because 
e(C/i) n X is dense in U u we have 4>(e(Ui) n X) = <p{U\) = V fl 
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Since 0(e([/i)) is closed in (recall that 0, being open, is a quotient 
map), z G 4>(e(Ui)) H 4>(e(U)) which implies e(Ui) n e(C/) 7^ 0. So, 
e(C/i) Pi e(C7) 7^ 0, and consequently, U DUi ^ 0. This contradiction 
completes the proof of the claim. 

Claim 7. The diagonal product of any family {0 a : a G A} of e- 
admissible maps is e- admissible. 

For every a G A fix a base £>^ a for satisfying condition (6). 
Let 0o = A a£ A0a and G B^, where B<f, is the standard open base 
of Mfo generated by all B^ a . Then 0q 1 (V) = n^i0~^(Vi) for some 

V$ G The equality e(0" 1 (\/) nX) = nfcJe(Ci)W) n X) to- 

gether with the facts that ao is open and ao -< ai for each z, im- 
plies that 0- 1 (0 ao (e(0- 1 (F)nX))) = e(^(V) n X). Hence, Qo is 
e-admissible. 

Claim 8. For even/ map f : X — > f(X) there exists ip G &x stzc/i 
#iat -< f and w(X tp ) < w(f(X)). 

We embed /(X) in F, where r = w(f(X)). Since X is C*-embedded 
in M, f can be extended to a map / : M — > IT. Next, there exists 
0o G $ with 0o -< / and w(M^ ) < r. We construct by induction a 
sequence {0„}„>o C such that for every n > we have: 

• n+ i -< n ; 

• w(M^) < r; 

• n+ i satisfies condition (6) for all U & B n with £>„ being a base 
for M^ n of cardinality < r. 

Suppose n is already constructed. For each U G B n there exists 
0J/ G $ such that 0^ (0c; (e(0r/(tT) D X))) = e(0r 7 1 (?7) n X) and 
w(M ( f )u ) is countable (see Lemma 3.6 from [19] for a similar state- 
ment). Obviously, 4>n+i — ^{4>u '■ U G B n } the above conditions. This 
completes the construction. It is easily seen that the diagonal product 
of all n is e-admissible. Hence, ip = 0|X is as required. 

Therefore, $x = {0|X : is e-admissible } is indeed a multiplicative 
lattice on X consisting of skeletal maps. Finally, according to (i), X is 
skeletally Dugundji. □ 

Corollary 3.2. Let M be a product of separable metric spaces. 
Then every strongly 7r -regularly C* -embedded subset of M is skeletally 
Dugundji. 
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A map /: X — > Y is said to have a n- weight < r [13], notation 
nw(f) < r, if there exists a family S of functionally open sets in X 
with \B\ < r such that 7 = {£/ n ■ U <E B,V <E Tx} is a 

7r-base for X (i.e., every open subset of X contains some W G 7). 
Everywhere below p(X) denotes the absolute of X and #x : p(X) — >■ X 
is the canonical irreducible map. 

Theorem 3.3. -For any space X £ae following are equivalent: 

(i) X is skeletally Dugundji; 

(ii) Every compactification of X is co-absolute to a Dugundji space; 

(iii) X has a compactification co-absolute to a Dugundji space; 

(iv) Every C* -embedding of the absolute p{X) in another space is 
strongly n-regular; 

(v) X has a multiplicative lattice of skeletal maps. 



Proof, (i) =>- (ii). Since every compactification of X is an irreducible 
image of (3X, it suffices to show that (3X is co-absolute with a Dugundji 
space. Let S = {X a ,p^, a < 7 < r} be a factorizing inverse sys- 
tem with skeletal maps such that X = a — limS, X is second 

countable and has a metrizing kernel for all a. Take a second 
countable compactification Yq of Xo and consider the inverse system 
S = {Y" Q , ql, a < 7 < r}, where Y a = /3X a , q% = /3(p1) for a > 0, and 
Op : /?X 7 — > Y is the extension of p^. Then 7rw;(g£ +1 ) < K for each a 
because p® +1 has a metrizable kernel. Moreover, all projections q^ are 
skeletal. Since S is factorizing, 0X is the limit space of S. Therefore, 
we can apply Shapiro's result [HI Theorem 2] to conclude that f5X is 
co-absolute to a Dugundji space. 

(ii) -O^ (m). If there exists a compactification c(X) of X which is co- 
absolute to a Dugundji space, then so is f3X as an irreducible preimage 
of X. Hence, every compactification of X has this property. 

(ii) =>• (if). Suppose /?X is co-absolute to an AF;(0)-space Y" and let 



p(X) be C*-embedded in a space Z. Then p(X) is homeomorphic to 
j3p(X). Since f3p(X) = p((3X), j3p(X) is the absolute of Y . Consider 
the canonical irreducible maps 9pz '■ p(/3Z) —> f3Z and 9 Y : /3p(X) — >• 
Y. Because Y e AZ£(0), the restriction ^ = y o : H -> Y 

has a continuous extension </> : p((3Z) — >■ Y" , where if = 97 z ((3p(X)). 

Finally, for every open [/ C /3p(X) define e(C7) = ^ z (0 _1 (4(^)))- It 
is easily seen that e : Tp p (x) Tpz is a strongly 7r-regular operator. 
This implies that p(X) is strongly 7r-regularly embedded in Z. 
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(Hi) =>- (iv). Obviously, item (Hi) implies that every embedding 
of p((3X) in any Tychonoff cube F is strongly 7r-regular. So, by 
Corollary 3.2, p(j3X) is the limit space of a continuous inverse sys- 
tem {Z a , q^a < 7 < t} with skeletal projections such that Z is a 
metric compactum and each q° +1 has a metrizable kernel. Then, ac- 
cording to [131 Theorem 2], p(/3X) is co-absolute to a Dugundji space 
Y. Because p(/3X) is extremally disconnected, it is the absolute of Y. 
Since Y has a multiplicative lattice of open maps (as an AE(O)-space), 
fiX has a multiplicative lattice \1/ of skeletal maps (by Theorem 2.2). 
Finally, observe that = {tp\X : (p <E ^} is & multiplicative lattice 
on X consisting of skeletal maps. 

(iv) =>• (i). This implication follows directly from Proposition 3.1. 

□ 

Recall that X is skeletally generated [19] if there exists a factorizing 
inverse system S = {X a ,p^ A} consisting of separable metric spaces 
X a and surjective skeletal bonding maps such that: (i) The index set 
A is cr-complete (every countable chain in A has a supremum in A); (ii) 
For every countable chain {a n : n > 1} C A with f3 = sup{a n : n > 1} 
the space Xp is a (dense) subset of lim{X an ,p^™ +1 }; (iii) X is embedded 

in limS* such that p a (X) = X a for each a. 

Corollary 3.4. Every skeletally Dugundji space is skeletally generated. 

Proof. Let $ be a multiplicative lattice for X consisting of skeletal 
maps and = {0 6 \& : w(<p(X)) < K }. Define = <p(X) and equip 
with the partial order <p\ -< <p2 iff there exists a map <p\ : X^ x — > 
Xfa such that cf)\ o 2 = <f>i- It is easily seen that the inverse system 
S = {X^, ^/ } satisfies all conditions from the definition of skeletally 
generated spaces. □ 

Corollary 3.5. Any perfect image of a normal space possessing a mul- 
tiplicative lattice of open maps is skeletally Dugundji. In particular, any 
dyadic compactum is skeletally Dugundji. 

Proof. Suppose M is a normal space with a multiplicative lattice of 
open maps and let /: M — > X be a perfect surjection. Then there 
exists a closed subset Z of M such that the restriction g = f\Z : Z — > X 
is irreducible. One can see that e(U) = f~ 1 (g^(U)), U G Tz, defines a 
strongly 7r-regular operator e: Tz — > I'm- Hence, by Proposition 3.1, 
Z is a skeletally Dugundji space. Next, Theorem 3.3 yields that j3Z 
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is co-absolute to a Dugundji space. Finally, since /3g: (3Z — > (3X is 
irreducible, p{f3X) = p(/3Z). Therefore, X is skeletally Dugundji. □ 

Corollary 3.6. Let X be a skeletally Dugundji space. Then for every 
C* -embedding of p(X) in any extremally disconnected space Z there 
exists a retraction from f3Z onto p{j3X). 

Proof. By Theorem 3.3, there exists a strongly 7r-regular operator 
e: Tp(px) ->■ Tpz- Then the operator e: T p (px) -> Tpz, e(U) = e(U) has 
the following properties: e(U DV) = e(U) De(V) and e(U)C\p{X) = U 
for any open sets U, V C p(/3X). Next, define the set- valued map 
$: (3Z -+ 2^ x \ $(z) = : « G e(U), U G T p(/3 x)} if z e U{e(^) : 
[/ G ^(^x)}) and $(2) = p(/3X) otherwise. It is easily seen that $ 
is an upper semi-continuous map with compact non-empty values and 
*&(z) = z for z G p((3X). Finally, according to [5], $ has a continuous 
selection r : /3Z — > p(/3X). Obviously, r is a retraction. □ 

A combination of Corollary 3.5 and Corollary 3.6 implies a gener- 
alization of the following result [2J: the absolute of any dyadic com- 
pactum is a retract of any extremally disconnected space in which it is 
embedded. 

Corollary 3.7. Any product of skeletally Dugundji spaces is skeletally 
Dugundji. 

Proof. Suppose X = Yl a <=A with each X a being skeletally Dugundji. 
We can suppose that all X a are compact spaces. Then, according 
to Theorem 3.3, for each a there exists a strong 7r-regular operator 
e : Tp(x a ) —> %A( a ) for some A(a) . Denote by B the family of all standard 
open sets U = U ai x . . . x U ak x {p(X a ) : a 7^ ctj, % = 1, . . . , k} in 
z = UaeAPW, and let e'(U) = e ai {U ai ) x . . . x e ak (C^J x {I A ^ : 
a 7^ a>i,i = l,...,k}. Finally, the function e: Tz — > Ty, e(W) = 
\J{e'(U) : U CW,U G B}, where Y = H a€A I A( > a \ is a strong yr-regular 
operator. Hence, by Proposition 3.1(h), Z is skeletally Dugundji. Since 
the map 9 = YlaeA @a '■ % — > X is irreducible, X and Z are co-absolute. 
Therefore, X is skletally Dugundji. □ 

For any map /: X — > Y let p(f) denote the absolute of /. It is well 
known that p(f) is a map from p{X) — > p(Y) such that 9y o p(f) = 
9x°f, where p(X) and p(Y) are the absolutes of X and Y, respectively, 
and 9x '■ p{X) —*X, 9y'- p(Y) — > Y are the corresponding canonical 
maps. In general, a map / can have many absolutes, but it has a 
unique one if / is skeletal. 
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Next lemma was established in [13j Lemma 1] in the case X and Y 
are compact, but the same arguments provide a more general version. 

Lemma 3.8. Let f: X — >• Y be a perfect skeletal map of a count- 
able n -weight with X and Y being 0- dimensional Lindelof p- spaces and 
Y G AE(0). Then there exist a space Z and perfect maps g: X — > Z, 
h: Z — >■ Y such that: f = ho g; g is irreducible; h is an open map 
having a metrizable kernel; dimZ = 0. 

Theorem 3.9. The following conditions are equivalent for any Cech- 
complete Lindelof p-space X : 

(i) X is the limit space of a continuous inverse system S = 
{X a ,tp2,,a < 7 < t} with perfect skeletal bonding maps such 
that Xq is a complete separable metric space and each has 
a metrizable kernel; 

(ii) X is co-absolute with an AE(0)-space; 

(iii) X has a multiplicative lattice of perfect skeletal maps. 

Proof, (i) =>- (ii). Following the arguments from the proof of [13, The- 
orem 2], we construct an inverse system E = [Y a ,q1,a < 7 < r} 
consisting of 0-dimensional ^4i?(0)-spaces Y a and open perfect bonding 
maps such that all q^ +1 have metrizable kernels and Y a are co-absolute 
to X a . Assume we already have constructed Y a . So, we have per- 
fect irreducible maps 9x a '■ p(X a ) — > X a and 0y a : p(X a ) —> Y a . Since 
i s a perfect skeletal map with a metrizable kernel, its absolute 
P( i Pa +1 ) : p(Xa+i) ~^ p(X a ) is a perfect open map of countable 7r- 
weight. Then Ya op(<y9^ +1 ) : p(X a+ i) — > Y a is a perfect skeletal map of 
countable 7r-weight. Moreover, Y a andp(X a+1 ) are both Cech-complete 
Lindelof p-spaces (recall that the last property is invariant under im- 
ages and preimages of perfect maps). Hence, by Lemma 3.8, there 
exist a 0-dimensional space Y a+ \ and perfect maps q% +1 '■ Y a+ \ — >■ Y a , 
(ft: p(X a ) — > Y a+ i such that is open with a metrizable kernel 

and (j) is irreducible. Since p(X a ) is extremally disconnected and 4> 
is irreducible, p(X a ) is the absolute of Y a+ i and <ft coincides with the 
canonical projection Ya+1 . Because Y a G AE(0) and q% +1 is open and 
has a metrizable kernel, Y a+ i G AE(0). 

If a < t is a limit ordinal and the construction was done for all j3 < a, 
we take Y a to be the limit of the inverse system {Va,^,/? < 7 < a}. 

Using again that all Yp G AE(0) and q^ +l are open perfect maps with 
metrizable kernels, we obtain that Y a is a 0-dimensional AE(0)-space 
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which is co- absolute with X a . This completes the construction. Finally, 
observe that the space Y = MmE is co- absolute to X and Y G AE(0). 

(ii) =>■ (Hi). Since X is co- absolute to an AE'(0)-space Y, Y is also 
a Cech-complete Lindelof p-space. Consequently, it has a multiplica- 
tive lattice of open perfect maps. Then, by Corollary 2.4, X has a 
multiplicative lattice of skeletal perfect maps. 

(Hi) =>- (i) This implication follows from the arguments used in the 
proof of Proposition 3.1(i). □ 
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